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ABSTRACT: In this article, A — jection has been introduced which is a generalization of Injection 
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I. Introduction 

Dr. P. Chandra has defined a trijection operator in his Ph.D. thesis titled “ Investigation into the 
theory of operators and linear spaces”. [1]. A projection operator E on a linear space X is defined as E 2 — E 
as given in Dunford and Schwartz [2] , p .37 and Rudin, [3] p.126. In analogue to this, E is a trijection operator 
if E 3 = E. It is a generalization of projection operator in the sense that every projection is a trijection but a 
trijection is not necessarily a projection. 



II. Definition 

Let X be a linear space and E be a linear operator on X. We call E a A — jection if 
E 3 + AE 2 = (1 + AjE, A being a scalar. Thus if A = 0 

, E 3 = E i.e.E is a trijection. We see that E 2 — E => E 3 — E and above condition is satisfied. Thus a 
projection is also a A— jection. 

III. Main Results 

3.1 We first investigate the case when an expression of the form aE 2 + bE is a projection where E is a 
A — jection . For this we need 
(aE 2 + bE j 2 = aE 2 + bE . 

=> a 2 E 4 + b 2 E 2 + 2abE 3 = aE 2 + bE (1) 

From definition of A — jection , 

E 3 = (1 + AjE - AE 2 

so E 4 = E. E 3 = (1 + AjE 2 - AE 3 

= (1 + AjE 2 - A{( 1 + AjE - AE 2 } 

= (l+A + A 2 )E 2 -A(l+A)E 
We put these values in ( 1 ) and after simplifying 

{a 2 (l + Aj + b 2 — a — A(2ab — a 2 Aj}E 2 

+{(2 ab - a 2 Aj(l + Aj - b}E = 0 
Equating Coefficients of E & E 2 to be 0, we get 



a 2 (l + Aj + b 2 — a — A(2ab — a 2 Aj — 0 (2) 

(2ab-a 2 Aj(l+Aj-b = 0 (3) 

Adding (2) and (3), We get 



(2 ab — a 2 Aj(l + A — Aj + a 2 ( 1 + Aj + b 2 — a — b = 0 
=> 2 ab — a 2 A + a 2 + a 2 A + b 2 —a — b = 0 
=> a 2 + 2 ab + b 2 — (a + bj = 0 
=> (a + bj 2 — (a + bj = 0 
=> (a + bj(a + b — 1) = 0 
=>Either (a + bj = 0 or (a + bj = 1 
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So for projection, the above two cases will be considered 
Case (1): let (a + b) = 1 then b — 1 — a 
Putting the value of b = 1 - a in equation (2) , we get 

a 2 (l + A + A 2 ) — 2a(l — a)T — a + (1 — a) 2 = 0 
=> a 2 (A 2 + 3A + 2) - a(3 + 2A) + 1 = 0 
=> CL 2 (A +l)(/l + 2)“tl(yl+l + /l + 2) + l~0 
=> [aU+ 1)-1] [a(A+ 2) - 1]=0 

l l 

=> a = — or — 

1+1 1+2 

mi 7 ^ A + l 

Then b = — or — 

A+l A+2 

Hence corresponding projections are 

E 2 AE , E 2 , (A+l)£ 

1 ctnd h 

A+l A + 1 A+2 A+2 

Case (2) Let a + b = 0 or b = —a 

So from Equation (2) 

a 2 (l + 2) + a 2 — a — A{— 2a 2 — a 2 A] — 0 

=> a 2 [A 2 + 3A + 2] — a = 0 
=> a [a (2 + l)(/l + 2) - 1] = 0 
a = — — A ; (Assuming a ^ 0) 

-l 



(l+l)(l+2) 

Therefore, b — — , 

(l+l)(l+2) 

Hence the corresponding projection is 

e 2 —e 

(l+l)(l+2) 

So in all we get three projections. Call them A, B & C. 



(!+!)£ 
1+2 1+2 

and C = — + — 

l+i l+i 



, B = 



E 2 -E 



(l+l)(l+2) 



3.2 Relation between A, B, & C. 

A+B = _eL , a+*)g , g 2 g 

1+2 1+2 (l+l)(l+2) (l+l)(l+2) 

£' 2 (1+1)+(1+1) 2 £'+E 2 -E 

~~ (l+l)(l+2) 

£ 2 (l+2)+l(l+2)£ 

~ (i+Dd+2) 

_ £ 2 +l£ 

~ 1+1 

__ E 2 IE _ 

~ 1+1 + 1+1 _ 

Hence (A + B) 2 = C 2 => A 2 + £ 2 + 2AB = C 2 

^ A T B T 2AB — C 

=> 2AB = 0 (Since A + B — C) 

=> A£ = 0 



Let p = 2 + 1 



Then A = — — I- — , B = AA 

jU+l jU+1 Ai(/i+l) 

c 2 p2 



0-i)g 



and C = 1- 



Also A — pf - — — I- — — I- — 

^ /i+i /i+i //+i /i+i 



_ HE+E _ Gt+1)£ 

fi+1 /i+1 

Thus E = A — pB. 



= E 
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3.3 On ranges and null spaces of A — jection 

We show that 

R e = R c and N E = N c 

Where R E stands for range of operator E and N E for Null Space of E and similar notations for other operators. 
Let x 6 R e then x = Ez for some z in X. 

Therefore, 



Cx = CEz 



_ {0-1)£+£ 2 }£z 
r 

_ {0— 1)£ 2 +£ 3 }Z 



_ {Qj-1)£ 2 +a<£-0-1)£ 2 }z 

= (t-)z = Ez = x 



(Since E 3 = (1 + X) E - AE 2 ) 



Thus Cx — x => x e R c 
Therefore R F E R r 



Again if x £ R c then x = Cx — +( '' 



r 

E(E+Xl)x 
1 + 1 



6 R e 



Hence R c £ R E 
Therefore R E = R c 
Now , z6 N e => Ez — 0 
f£ 2 +0-i)£> 



^ £ 2 +0— l)£ j „ _ 



0 



r 

=> Cz = 0 
=>z£ N c 

Therefore , N E E N c 
Also if zE N c =$ Cz = 0 



p 2+( ;- 1)E )z = o 
5 (£ ! ^-1)£) z = q 

£ 3 +0-l)£ 2 



( 

(?)~ 



) z = 0 
=> Ez = 0 



zEN e 



Thus N c Q N e , 
Therefore , N E = N c 



Now we show that 

R a - {z: Ez = z} and R B — { z : Ez — —pz] 
Since A is a Projection , 

R a = { z : Az = z] 

Let ZE4 Then Ez = EAz = E z 



_ f E 3 +iiE 2 \ 
~~ V n + 1 / 

-( 



£ 3 +0i-1)£ 2 +£ 2 



A*+l 1 
= Az = z 

Thus R a £ {z: Ez = z } 

Conversely , Let Ez = z then E 2 z — z 

SoAz = ( E J±tE.) z = Z .±E1 = z ^ z e R 

V tf+1 ) Li + 1 A 
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Hence { z : Ez = z j £ R A 
Therefore, R A = { z : Ez = z } 
Next we show 



R b — { z : Ez — —pz} 

Since B is a Projection, 

R b = { z : Bz = z } 

Let Ez = —pz then E 2 z = p 2 z 
Hence (———) z =i |2z+AIZ — tKt'+B 



VO+i)' 



mO+i) ^O+i) 



z — z 



i.e. Bz — z (.since B — 



E^-E 



) 



z e R 



B 



Therefore , {z: Ez = — pz } £ R B 
Conversely , let z £ R B .Then Bz = z 



Hence Ez — EBz 



= £ (: 

-(■ 



e 2 -e \ 



rO+P 

e 3 -e 2 \ 



V 



But E 3 - E 2 = pE - (p- 1 )£ 2 - £ 2 
= pE -pE 2 = p(E - E 2 ') 

h(E-E 2 )z _ - B (E 2 -E)z 



So Ez = 









= — (ttBz = — /rz 
So £ {z: Ez = — yuz} 

Therefore R H = { z : Tz = — /iz} 

Now we show that R A n R B - {0} 

Let z 6 R A r\R B 
Then z G R A and z G R B 
If z e R a then Ez — z 
If z E R b then Ez = —pz 
Thus Ez — z — —pz 

=> pz + z = 0 => (p + l)z = 0 => z = 0 ( since p + 1 =£ 0) 

Therefore , /Lj fl /? B = {0} 

Theorem (1): If £j , C 2 are commuting A — juction on a linear space X such that 
then 

E l = —E 2 E 2 , E 2 = —E-^El and Cj = C 2 
Proof : Given - Rb 2 

Let z 6 X,thenA 1 z 6 R Al => 6 R B2 => fr 2 (-^i z ) = ~pA\Z 

Since z is arbitrary. So C 2 /l| = —pA ^ , 

Again, given that R Bl £ R A { . 

Now B 2 z G R B2 => B 2 z G R Ai => E 1 B 2 z = B 2 z 
Since z is arbitrary , E 1 B 2 = B 2 
Hence we have E 2 A 1 = —pA ] and E 1 B 2 — B 2 
Similarly , R Al = R Bl => E 1 A 2 = — pA 2 and E 2 B 1 = B, 

Thus L^Ai == — pA t and E 2 B 1 = B x 

Hence E 2 (A 1 — pBf) = — jitAj — pB 1 =—p(A 1 + Bf) — —pC 1 

=» E 2 E 1 = — /tQ or E 1 E 2 = —pC 1 (Since E 1 ,E 2 Commute) 

Also E X A 2 = — pA 2 and E 1 B 2 = B 2 
Therefore £j (A 2 — pBf) = —pA 2 — pB 2 = —pC 2 
=> E 1 E 2 = -juC 2 =-MCi 



— E Bz and i? 4 2 — f? Sl , 
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^ Ci — C 2 

Also -jElE 2 = jE^EJ = j E^-pCf) = E X C X = E 1 
And j E X E\ =j(E x E 2 )E 2 = ^i~pC 2 )E 2 = C 2 E 2 =E 2 



Theorem (2): if E x and E 2 are two commuting A — juctions on a linear space X (with A A 0) such that 
r a x = n e 2 and R Al = N El , then 

E x E 2 = E 1 E 2 and E 1 — E 2 — El — E 2 
Proof : Let z E X then A x z 6 r a x - n e 2 
=* A x z E Ng 2 => E 2 (A x z) = 0, Vz 
=> E 2 A x - 0 

E 2 (I - C 2 )z = (E 2 - E 2 C 2 )z = (E 2 - E 2 )z = 0 

=> (I — C 2 )z 6 Ng 2 £ R Al =$ A x i I — C 2 )z = (7 — C 2 )z, Vz 

^A 1 {I-C 2 )=I-C 2 ^ A x -AiC 2 = I - C 2 ... . (1) 

Similarly R A = N El ,So interchanging suffixes 1 and 2, 

E x A 2 — 0 and A 2 — A 2 C 1 — I — C 1 (2) 

Now E 2 A x — E 2 A 2 — 0 

* E ‘ (fff) - E i ifSf) = 0 

=> E 2 El + pE 2 E x - (E t El + pE x E 2 ) = 0 

Since E 1 ,E 2 commute ,E 2 E 2 + pE x E 2 — E X E 2 — pE x E 2 = 0 

=> E\ E 2 - E X E\ = 0 => E\E 2 = E x El 

Now subtracting equation (2) from (1), we get 

A x -A 2 - (A x C 2 - A 2 Cf) = C X -C 2 (3) 

But A x C 2 — A 2 C 1 = ( £ ^ £l ) ( £|+( ^~ 1)£2 ) - ( £l2+( ^~ 1)£l ) 

E\ E 2 +(p- 1)E 2 E 2 + pE x El + p{p - 1) E x E 2 - [EM + 0* - D^i 

_ +hE 2 El + pip - 1 )E 2 E X } 

pip + 1) 

El e| Hr -i)£i E 2 +r O e| +h(h-i)e 1 e 2 -e| eI Hr -i)£| E i 

_ -rE 2 E$-r(r-i)E 2 Ei 

rtr+ 1) 



= Of - VE\E 2 + pEiEl -jp- 1) EjEi - pE 2 E 2 

pip + 1) 

= 0 iSince E x ,E 2 are commuting A —jections and E 2 E 2 = E X E 2 ) (4) 



Hence from (3) and (4), we have 

A 1 -A 2 = C 1 -C 2 (5) 

Ei+rEi Ej+rE 2 _ ElHr-QEi eIht-i)Ei 

r + 1 r+ 1 r r 



(Ef-Elt+^CEi-Ez) _ El-Ej+Pl-l^-Ei) 

r + 1 r 

=> - f|) + h 2 (E x - E 2 ) = ip + 1 ( El - El) + ip 2 - 1) iE x - E 2 ) 

=> ip 2 -p 2 + 1 )iE x - E 2 ) =ip + 1 — p)iEl - El) 

=> E r - E 2 = £? - £■ I 

Theorem (3): If£ , 1 ,7T 2 are two commuting A — jections on a 
linear Space X s. t. R Bl = N E2 and R Bz — N El then 
E x El = E 2 E 2 and pE x + E 2 — pE 2 + 7 sf 
Proof : Let z EX, then B x z E R Bl ^n E2 
=> E 2 B x z = 0 , Vz => E 2 B x — 0 

Also (7 - C 2 )z 6 N E2 £ 7? Bl => £’ 1 (7 - C 2 )z = -/r(7 - C 2 )z, Vz 
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=> ill (/ Ef) — dO C 2 ) => ill ^1^2 — pi + pC 2 (1) 

Siamiliarly R B2 = N El 

^ EiB 2 = 0 ,E 2 — E 2 C 1 = —pi + pCi (2) 

Now , E 2 B x = 0 => E 2 B x = E 2 (-f^) = ~ 7 = 0 
z 1 z 1 z V/i(//+i)y // Ciu +1) 

Hence L 2 E( — E 2 E l 

Since E 1 ,E 2 commute, we have El E 2 — E 1 E 2 (3) 

Similarly, E 1 B 2 = 0 => E x E 2 — E 1 E 2 (4) 

Hence from equations (3) and (4) 

E^El = E?E 2 (= E,E 2 ) (5) 

Subtracting , equations (2) from ( 1 ) we have 
E 1 — E 2 — (.E 1 C 2 — E 2 Cf) = p(C 2 — Cf) 



E-iEl-EjEj + Ut- 1 )(£i£ 2 — E2E1) _ Q 
r 



(using equation (5) and using the fact that E 1 ,E 2 commute ) 

or- r- ,.o r- \ .. (E2+O-OE2 Ei+(/1-1')E2'\ 

So E 1 -E 2 = p(C 2 - CJ = p [ — — ) 

= El + (p- 1 )E 2 - El -{p- 1)E 1 

= El - El + (p- 1 XE 2 ~ £i) 

=> K &1 ~ £ 2 ) = El - El 
=> pEi + El = pE 2 + El Proved 

Theorem (4): If E 1 and E 2 are two commuting A — jections on a linear space X s. t.N E = R Ez and N E2 = 
R El then E 1 E 2 — 0 and 

pi -dp- 1)( E 1 + E 2 ) = El + El 
Proof : Let z e X then E 1 z e R El £ N El 
=> E 2 E 1 z = 0 => E 2 E 1 — 0 => E 1 E 2 — 0 
Now (/ - Cf)z e N E2 £ r Ei => (/ - C 2 )z e i? Cl 
=> Ci(/ - C 2 )z = (/ - C 2 )z ;Vz EX 
=s C 1 — C 1 C 2 — I — C 2 

But CiC 2 = (/J ~ 1)£l+£l2 X (/ '~ 1)£2+£| 

V- V- 

= + = 0 (5ince ^ = 0) 

Therfore , = 1 — C 2 =$ + C 2 = I 

_ (^-l)£i+£i 2 (/z-l)g 2 +g| _ j 

r r 

=>(p- D(£i + £ 2 ) + £1 + £ 2 2 = di 

=> pi - dp — 1) (£*! + Ef) = El + El Proved 
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